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Preliminaries
It was in the spirit of function theory of the beginning of this century that Bohr Boh14] published the following theorem. Theorem 1.1 There exists r 2 (0 1) with the property that if a power series P 1 =0 c z converges in the unit disk and its sum has modulus less than 1, then P 1 =0 jc z j < 1 for all jzj < r .
We don't know a n y motivation of Bohr's result but very classical subjects and coe cient estimates much more precise than the Cauchy inequalities. Perhaps, this called on such mathematicians as M. Riesz, I. Shur and F. Wiener who put Theorem 1.1 in nal form by showing that one can take r = 1 =3 a n d this constant cannot be improved.
We call the best constant r in Theorem 1.1 (i.e., 1=3) the Bohr radius. I f regarded as a homothety coe cient, this concept extends easily to domains in C n . Let us review some of the recent generalisations of Bohr's theorem to functions of several complex variables.
Given a complete Reinhardt domain D in C n , we denote by R(D) the largest non-negative n umberr with the property t h a t i f a p o wer series P c z converges in D and its sum has modulus less than 1, then P jc z j < 1 i n the homothety rD. Here, the sums are over all multi-indices = ( 1 : : : n ) of non-negative i n tegers, z = ( z 1 : : : z n ) is the tuple of complex variables, and z = z Moreover, if z 0 6 2 (1=3)C, then there exists a series P c z converging in C and such that j P c z j < 1 is valid there, but P jc z j < 1 fails at the point z 0 . Theorem 1.5 If a function f(z) = P 1 =0 c z has positive real part in the unit disk and f(0) > 0, then P 1 =0 jc z j < 2f(0) for all jzj < 1=3 and the constant 1=3 cannot be improved.
The coincidence of the constants in Theorems 1.1 and 1.5 is not accidental, as is shown in AAD98b]. These constants also coincide for holomorphic functions on complex manifolds.
In AAD98a] the existence of a Bohr phenomenon is proved in Hol(M), the space of holomorphic functions on a complex manifold M. In other words, in this case we meet a Bohr phenomenon in M with Bohr radius r(M), the more so with Bohr radius R(M).
Though the proofs make essential use of the algebra structure of holomorphic functions, the underlying fact seems to be nothing but the maximum principle. More precisely, w e need a substitute of Harnack's inequality, e . g . Eva98, 6 (1.1) the inequality being uniform in f belonging to an appropriate function class and x 0 2 . In this paper we show that, for bases in nuclear function spaces, the estimate (1.1) always implies a Bohr phenomenon.
The paper is organised as follows. In Section 2 we brie y discuss Bohr's phenomenon in Hilbert spaces with reproducing kernels, the functions obeying (1.1).
Many function classes of mathematical physics meet (1.1), among them are harmonic, separately harmonic and pluriharmonic functions. In Sections 3-5 w e will be concerned with evaluating the Bohr radii for these classes of functions. The important p o i n t to note here is explicit formulas for the Bohr radii for harmonic and separately harmonic functions.
Polyharmonic functions fail to ful l the maximum principle in Section 6 it is shown that no Bohr phenomenon exists for positive polyharmonic functions.
Finally, in Section 7 we p r o ve that, for second order elliptic equations, the estimate (1.1) reduces to classical Harnack's inequality, t h us implying a Bohr phenomenon.
Spaces with reproducing kernels
It seems that an e ective w ay o f p r o ving Bohr's phenomenon in concrete cases is trough establishing some coe cient estimates for the relevant classes of functions. In this section we show coe cient estimates for expansions in Hilbert spaces with reproducing kernels.
Let D be a relatively compact domain with C 1 boundary in R n , a n d A a hypoelliptic operator in D. This means that any distribution f in D satisfying Af = 0 is actually a C 1 function.
We assume moreover that for each compact set K D there is a constant c > 0 s u c h that sup we arrived at the desired inequality.
Coe cient estimates of the type (2.2) are of independent i n terest, especially for the expansion of solutions to homogeneous elliptic equations with constant coe cients, cf. Tar97, 2.3]. Theorem 2.2 There i s a n r > 0 with the property that if f = P 2Z n + c f ful lls jfj < 1 in D then P 2Z n + jc f j < 1 in the ball B(x 0 r ).
Proof. Indeed, we can assume without loss of generality t h a t f( Loosely speaking, the theorem says that Bohr's phenomenon extends to bases in Hardy spaces of solutions to elliptic equations of order 2. The question arises on evaluating the Bohr radius for some concrete bases. We discuss this problem in the next sections.
Harmonic functions
To justify our formulation of Bohr's phenomenon for harmonic functions we need an analogue of Theorem 1.5. In the context of real-valued functions it is fairly simple.
Let be a vector space of bounded real-valued functions in a domain = c 0 1 p ! n;1 + c 0 1 p ! n;1 1 ! n;1 1 ; r 2 (1 ; r) n ; 1 ! n;1 = c 0 1 p ! n;1 1 + r (1 ; r) n;1 :
Hence it follows that R Har (B) is not less than the root of the equation (3.2) lying in the interval (0 1). It is a simple matter to check that (3.2) has a unique root in (0 1).
Conversely ; Y k j ( 0 ) 2 = 1 ! n;1 1 + #r (1 ; #r) n;1 :
Hence we conclude that if #r is the root of (3.2) in the interval (0 1), then the inequality (3.3) fails. To nish the proof it remains to pass to the limit when # ! 1. 
Solutions of elliptic equations
The preceding section shows that the Bohr phenomenon does not extend to solutions of elliptic equations of order larger than 2. Moreover, it is not valid even for second order elliptic equations that do not meet the maximum principle. Indeed, 1 + c jzj 2 , c > 0, is a family of positive solutions to the elliptic equation (@=@ z) 2 f = 0 in the unit disk U C (the solutions are known as bianalytic functions). Since 1 and jzj 2 enter into a simplest basis in the space of bianalytic functions in U, w e m a y repeat the same reasoning as that in Section 6. Proof. This result is a straightforward consequence of the theorem on absoluteness of bases in nuclear spaces proved in DM60], cf. also Theorem 28.12 in MV97].
Certainly, the generic situation is when U K, which can be assumed without loss of generality. Having disposed of these preliminary steps, we c a n n o w extend Theorem 1.6 to solutions of Af = 0 . Hence we obtain the statement w i t h U = B r .
In AAD98a, Remark 3.4] it is shown that if the space Sol(D) has a basis then it has also a basis satisfying the hypotheses of Theorem 7.4. While the proof is given for holomorphic functions, the same arguments still work for the space Sol(D).
